In this paper, we study the commutativity of Toeplitz operators with continuous symbols on the Dirichlet space. First, under a mild condition concerning absolute continuity we characterize (semi-)commuting Toeplitz operators. This is a generalization of the case of harmonic symbols. Also, if one of the symbol is radial or analytic, we get another characterization, which is different from the case on the Bergman space.
Introduction

(D) .
It is well known that if ϕ ∈ L ∞,1 , then the Toeplitz operator T ϕ is bounded on D (see [4] ).
In the last few decades, many mathematicians have paid much attention to Toeplitz operators on the classical Hardy space and Bergman space. Toeplitz operators on the Dirichlet space have also been studied a lot (see [4, 5, 8, 9, 12, 13] ). G.F. Cao studied the Fredholm properties of Toeplitz operators with C 1 (D) symbols in [4] and the compactness of Toeplitz operators with L ∞,1 symbols in [5] . Y.J. Lee in [8, 9] studied the commutativity of two Toeplitz operators with bounded harmonic symbols in L ∞,1 . However, for general symbols, many problems are still open. In this paper, we investigate the commutativity of two Toeplitz operators on the Dirichlet space with continuous symbols f ∈ L ∞,1 and f (re iθ ) is absolutely continuous on θ ∈ [0, 2π ] for almost every r ∈ [0, 1).
First we need some notations. A function f is called quasihomogeneous of degree k if f (re iθ ) = e ikθ ϕ(r), where ϕ is a radial function, i.e. ϕ(z) = ϕ(|z|), z ∈ D [10] . Every function f in L 2 (D, d A) has the following polar decomposition [6] f re iθ 
It is easy to see that
In Section 2 we will show that f ∈ Ω if and only if f (re iθ ) is absolutely continuous on r ∈ [0, 1) for almost every θ ∈ [0, 2π ].
It was shown in [3] that two Toeplitz operators with bounded symbols on the Hardy space commute if and only if either both symbols are holomorphic, or both symbols are antiholomorphic, or a nontrivial linear combination of their symbols is constant. On the Bergman space [1] and the Dirichlet space [9] , it is the same for commuting Toeplitz operators with bounded harmonic symbols. In general, we have the following:
and only if one of the following conditions holds:
It is well known that if two Toeplitz operators on the Bergman space commute and the symbol of one of them is radial and nonconstant, then the other one is also radial [6, 10] , and if two Toeplitz operators on the Bergman space commute and the symbol of one of them is analytic and nonconstant, then the other one is also analytic [2] . However, the situation is quite different for the Dirichlet space. 
Preliminaries
In this section, we give some preliminary facts. First we give the following lemma (see [11, Theorem 15 .26]) which will be used frequently: 
For quasihomogeneous Toeplitz operator on D, we have a similar lemma as in [7, 10] 
and
Proof. Note that
Thus for all n ∈ Z + and n + p 1, we have
The fourth equality follows from integration by parts. For n ∈ Z + and n + p < 1, it is easy to see that T e ipθ ϕ (z n ) = 0. The remaining is an easy exercise using the relation T *
The proof is complete. 2
Note that if ϕ in the above lemma is absolutely continuous on [0, 1), then (2n
For polar decomposition of f ∈ L ∞,1 , we have the following: 
We consider only (2.2); the argument for (2.3) is similar. Since
We will show that for almost every r ∈ [0, 1),
, and this will immediately imply that for almost every r ∈ [0,
Thus we have
Noticing the first term of the right hand side converges to zero as N tends to infinity, by (2.1) we get that
So there is a null set E, such that |kh k + iϕ| = 0 holds for every k ∈ Z outside E. In particular, we have ϕ(r) = 0, and hence
Therefore f has the desired property. The "if " part is easy to see from the proof of the "only if " part. The proof is complete. 2
. By Lemmas 2.2 and 2.3, we obtain that
where eachf k (k ∈ Z) is defined in a similar way asφ in Lemma 2.2.
, then the sequence {e n : n ∈ Z + } forms an orthonormal basis for D. By (2.4), every Toeplitz operator T f on D has, with respect to this orthonormal basis, a matrix representation whose matrix coefficients are given by (2.5) thus the matrix is given by C −1 M f C , where C is a diagonal matrix whose diagonal coefficients are given by {1/ √ n: n ∈ Z + } and M f is a matrix whose (m, n) element is (n (1) . Hence (2.4) and (2.5) turn out to have simple forms:
In this case, M f becomes a Toeplitz matrix:
, then the following statements are equivalent:
(1) M f is a Toeplitz matrix;
Proof. We have shown (2) ⇒ (1) above.
(1) ⇒ (3). By direct calculation as done in Lemma 2.2, we get that for all n ∈ Z + , which is well defined except for θ in a null set, say E 1 . For every fixed k ∈ Z, put m = n + k. Then for all n ∈ Z + and 2n + k > 0, we have
By (1), there exists {c k : k ∈ Z} such that for all n ∈ Z + and 2n
Thus for each fixed k ∈ Z, applying Lemma 2.1 shows that there is a null subset E 2 of [0, 1) such that for each k ∈ Z,
Hence for any r and r in [0, 1) − E 2 , we have h(r , θ) = h(r , θ), a.e. θ . Choose a countable dense subset {r n } in [0, 1) − E 2 , and then it is easy to see that there is a null subset The following proposition is a simple application of the above propositions which generalizes the results in [4, 5] for C 1 (D) symbols and [9] for bounded harmonic symbols: 
Proof. By assumption and Proposition
It follows that for every fixed p ∈ Z − {0}, (f ) p (2n + p) = 0 for all n max(1 − p, 1), which implies that (f ) p is absolutely continuous and (f ) p (1) = 0 for p ∈ Z − {0} by Lemma 2.1. Thus f = g + h, where g = k∈Z−{0} e ikθ f k ∈ Ω + ∩ Ω − and h = f 0 is a radial function, which completes the proof. 2
Commutativity of Toeplitz operators
In this section we will prove Theorems 1.1-1.3. Using matrix techniques we can prove (semi-)commutativity of two Toeplitz operators as in [3, 9] . However, we directly use the result on bounded harmonic symbols in [9] : For the commutativity of Toeplitz operators with general symbols, the problem becomes more complicated and difficult. So we only consider a natural problem: if two Toeplitz operators on the Dirichlet space commute and the symbol of one of them is quasihomogeneous, then how about the other one? Theorem 1.2(1) is similar to the case of radial symbol which is a corollary in [6, 10] on the Bergman space. Theorem 1.2(2) tells us that Toeplitz operator only with symbols in Ω + can commute with Toeplitz operator with symbol z p , where p ∈ Z + , and this is different from the case on the Bergman space.
Proof of Theorem 1.2. It suffices to prove the necessity of (1) and (2). (1) Denote the matrix coefficients of T f T ϕ by c m,n , and those of T ϕ T f by d m,n . Since c m,n = d m,n for all m, n ∈ Z + , and the matrix of T ϕ is a diagonal matrix, it follows from direct computation that for all m, n ∈ Z + ,
Then we have the following. 
We first consider the case k ∈ Z + . Define 
For any integer n 0 ∈ Z + , the last equation gives that
So by Lemma 2.1 we obtain that ϕ is absolutely continuous, which contradicts the assumption. The case k ∈ Z − is similar. 
and for m p + 1, n ∈ Z + ,
gives that for any fixed k ∈ Z,
for all m max(p + k + 1, 1). As in the proof of (1), it follows from Eq. Proof of Theorem 1.3. The "if " part is obvious from Theorem 1.1(1). To prove the "only if " part, we first note that
k is an outer function in H 2 . Next we note that for f ,f ∈ L ∞,1 , it follows from (2.4) and easy computations that
Hence we conclude that for fixed n ∈ Z + ,
Denote the matrix coefficients of T f T g by c m,n , and those of T g T f by d m,n . Noting that T g is a lower triangular matrix, direct computation gives
We will show f ∈ Ω + by induction. When m = 1, Eq. (3.5) gives that for all n ∈ Z + ,
Applying Lemma 3.2, we obtain
When m = 2, Eq. (3.5) gives that for all n ∈ Z + ,
Applying Eq. (3.6), the above equality becomes: for n = 1,
and for all n 2, Thus by induction, we conclude that f ∈ Ω + by Proposition 2.1 and by relating to the matrix M f of T f as in (2.6) and (2.7). The proof is complete. 2
